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Abstract
Let (S;m) be a graded algebra of dimension d generated by 4nitely many elements of degree
1 over a 4eld k and a homogeneous equimultiple ideal I of S with htI = h¿ 0: In this paper
we will show that if a16 a26 · · ·6 ah is the degree sequence of a minimal homogeneous
reduction of I , then the mixed multiplicity e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h and
the multiplicity of Rees algebra e(R(I)) = [1 +
∑h−1
i=1 a1a2 · · · ai]e(S).
c© 2003 Elsevier B.V. All rights reserved.
MSC: Primary: 13A15; secondary: 13H15
1. Introduction
Throughout this paper, let S =
⊕
n¿0 Sn be a graded algebra generated by 4nitely
many elements of degree 1 over an in4nite 4eld k, m the maximal graded ideal of S,
and I a homogeneous ideal of S. It is well-known that if c16 c26 · · ·6 ct are the
degrees of the elements of an arbitrary homogeneous minimal basis I then the sequence
c1; c2; : : : ; ct does not depend on the choice of the minimal basis, and we call it the
degree sequence of I .
An interesting question is the relationship between the multiplicity of the Rees
algebra R(I) =
⊕
n¿0 I
n and the degree sequence of I . One approach to this prob-
lem was taken 4rst by Huneke and Sally, who showed that if I is an m-primary
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complete ideal of a two dimensional regular local ring A and o(I) is the m-adic order
of I , then e(R(I))=1+o(I)= [1+o(I)]e(A) [3]. Verma proved that this result is also
true when the condition “complete” of I may be omitted [10].
For ideals of the principal class, upon special computations, Herzog–Trung–Ulrich
in [2] proved that if I = (x1; x2; : : : ; xh) is a homogeneous ideal of the principal class
such that x1; x2; : : : ; xh is a d-sequence and deg x1=a16 deg x2=a26 · · ·6 deg xh=ah,
then
e(R(I)) =
[
1 +
h−1∑
i=1
a1a2 · · · ai
]
e(S):
Replacing the d-sequence assumption by the 4lter-regular-sequence assumption, the
version of the Herzog–Trung–Ulrich’s theorem was proved by Trung [8].
From these results, one wants to know whether the additional conditions on the
generation of I can be dropped (see [8]).
Let I be a homogeneous ideal of height h¿ 0. An ideal J is called a homogeneous
minimal reduction of I if J is a minimal reduction of I and J is homogeneous. I
is called a homogeneous equimultiple ideal if there exists a homogeneous minimal
reduction J of I generated by h homogeneous elements.
In this paper, we show that the formula of Huneke and Sally holds in the case that
I is an equimultiple ideal of height 2 of an arbitrary local regular ring A or a graded
integral domain S. Moreover, in contrast with the results of Herzog–Trung–Ulrich and
Trung, we get similar results in the case of arbitrary homogeneous equimultiple ideals.
In fact, the factor determining the multiplicity of R(I) is the degree sequence of a
minimal reduction (or an (FC)-sequence) of I . All this is achieved by the following
single theorem.
Theorem 1.1 (see Theorem 3.1). Let I be a homogeneous equimultiple ideal of pos-
itive height ht(I) = h. Suppose that a1; a2; : : : ; ah is the degree sequence of a homo-
geneous minimal reduction J of I. Then the following statements hold:
(i) e(R(I)) = e(S) if h= 1.
(ii) e(R(I)) = [1 + o(J )]e(S) if h= 2.
(iii) e(R(I)) = [1 +
∑h−1
i=1 a1a2 · · · ai]e(S) if h¿ 2.
In addition, if S is an integral domain and I a homogeneous equimultiple ideal of
height 2, then o(I) = o(J ) for any homogeneous minimal reduction J of I . In this
case, we have e(R(I)) = [1 + o(I)]e(S) (see Corollary 3.2). In particular, if I is an
equimultiple ideal of height 2 of a regular local ring (A;m) of Krull dimension d¿ 2;
we obtain e(R(I))=1+o(I) (see Corollary 3.3), which generalizes the results Huneke–
Sally [3], Verma [10].
Now, let us return to case that an ideal of the principal class I is generated by a
homogeneous d-sequence or 4lter-regular sequence x1; x2; : : : ; xh satisfying the condition
deg x16 deg x26 · · ·6 deg xh. Then the degree sequence of homogeneous minimal
reductions is also deg x1; deg x2; : : : ; deg xh. This the results of Herzog–Trung–Ulrich
[2] and Trung [8] also follow as corollaries.
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So we obtain with Theorem 1.1 not only as a uni4cation for the results of Huneke–
Sally, Verma, Herzog–Trung–Ulrich, Trung but also as stronger results in these partic-
ular cases.
Our approach is based on the results of [11,12], which links the mixed multiplicity
of a set of arbitrary ideals and the Hilbert–Samuel multiplicity via the (FC)-sequences.
This notion was introduced in [11], and it has been shown to play an important role in
studying multiplicities and reductions of ideals [11,12]. The de4nition of (FC)-sequence
is in Section 2. The following results of [11,12] will be an important tool in this paper.
If x1; x2; : : : ; xp is a maximal weak-(FC)-sequence in I with respect to (m; I) and q is
the length of maximal (FC)-sequences in I , then htI−16 q6p−1 (p is the analytic
spread of I if htI ¿ 0) and (x1; x2; : : : ; xp) is a reduction of I , moreover e(m[d−i]; I [i])=
e(A=(x1; x2; : : : ; xi)) for all i6 h− 1, e(m[d−i]; I [i]) = e(A=
⋃
n¿0 [(x1; x2; : : : ; xi): I
n]) for
h6 i6 q, e(m[d−i]; I [i])=0 if and only if i¿ q. Here (A;m) is a Noetherian local ring
and I is an ideal of A.
From these results we see that any minimal reduction of I is minimally generated
by a weak-(FC)-sequence, and the mixed multiplicity will be determined by the degree
of the elements of an (FC)-sequence. We have the following theorem.
Theorem 1.2 (see Theorem 2.5). Let S be a graded algebra generated by 6nitely
many elements of degree 1 over an in6nite 6eld k with the maximal graded ideal m.
Let I be a homogeneous ideal of S with htI = h¿ 1. Suppose that x1; x2; : : : ; xh is a
homogeneous weak-(FC)-sequence in I with respect to (m; I). Set deg xi = ai for all
16 i6 h. Then e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h.
As one might expect, we 4nd that the relationship between the degree sequence of
weak-(FC)-sequences and the degree sequence of minimal reductions of an ideal can
be described as follows: Let I be a homogeneous equimultiple ideal of height htI =
h¿ 1 and J = (x1; x2; : : : ; xh) a homogeneous minimal reduction of I with the degree
sequence deg x1 = a16 deg x2 = a26 · · ·6 deg xh = ah. Then for any homogeneous
weak-(FC)-sequence y1; y2; : : : ; yh in I with respect to (m; I) we have degyi = ai for
all 16 i6 h− 1 (see Proposition 2.9(i)).
Proposition 2.9 states one of the interesting properties of weak-(FC)-sequences,
which is basic for the proof of the following main theorem.
Theorem 1.3 (see Theorem 2.11). Let I be an equimultiple ideal of positive height
ht(I)=h. Suppose that a1; a2; : : : ; ah is the degree sequence of a homogeneous minimal
reduction of I. Then
(i) Homogeneous minimal reductions of I have the same sequence a1; a2; : : : ; ah−1.
(ii) e(m[d−i]; I [i]) = 0 for i¿ h.
(iii) e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h.
Theorem 1.3 not only yields a simple proof for Theorem 1.1 (see Section 3) but
also provides important information concerning reductions and multiplicities of graded
rings.
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The proof of Theorem 1.3 is in the 4nal part of Section 2. The 4rst part of Section
2 gives some properties of (FC)-sequences, such as the increasing property of the
degree of the elements of an (FC)-sequence, the relationship between these degrees
and the degree sequence of an arbitrary homogeneous minimal reduction. We will
show that minimal reductions and maximal weak-(FC)-sequences of I have the same
degree sequence. These properties are key facts in the proof of Theorem 1.3 (see
Theorem 2.5,..., Proposition 2.7, Proposition 2.9).
Section 3 is devoted to the discussion of multiplicities of Rees rings (see Theorem
3.1, Corollary 3.2,: : :, Theorem 3.6, Theorem 3.7, Corollary 3.8).
2. (FC)-sequences and mixed multiplicities
In this section, we 4rst review some results and notions from [11,12]. Next, we
study the increasing property of the degree of the elements of an (FC)-sequence of
equimultiple ideals. Finally, we prove Theorem 1.3 (Theorem 2.11).
Let (A;m) be a Noetherian local ring with maximal ideal m; in4nite residue 4eld k=
A=m, and Krull dimension dim A=d¿ 0. Let J be an m-primary ideal and {I1; I2; : : : ; Is}
a set of ideals of positive height. Then the Bhattacharya function
B(n; n1; : : : ; ns) = lA
(
J nIn11 · · · I nss
J n+1I n11 · · · I nss
)
is a polynomial of degree d − 1 for all large values of n; n1; : : : ; ns. This polynomial
is called the Bhattacharya polynomial [1] of (J; I1; : : : ; Is). The terms of total degree
d− 1 in this polynomial have the form
∑
d0+d1+···+ds=d−1
eA(J [d0+1]; I
[d1]
1 ; : : : ; I
[ds]
s )
nd0nd11 · · · ndss
d0!d1! · · ·ds! :
Here eA(J [d0+1]; I
[d1]
1 ; : : : ; I
[ds]
s ) are non-negative integers not all zero, called the mixed
multiplicity of (J; I1; : : : ; Is) of the type (d0 + 1; d1; : : : ; ds).
It has long been known that mixed multiplicity is an important object of Algebraic
Geometry and Commutative Algebra. Risler and Teissier in 1973 showed that mixed
multiplicities of two m-primary ideals are multiplicities of ideals generated by elements
chosen suQciently generally [7]. Rees in 1981 proved that each mixed multiplicity of
a set of m-primary ideals is the multiplicity of a joint reduction of them [5].
A natural question is the relationship between mixed multiplicities of arbitrary
ideals and Hilbert-Samuel multiplicities. In answer to this question, Viet in [11] built a
sequence of elements called an (FC)-sequence. This notion is introduced as
follows:
De nition 2.1 (Viet [11]). Let (A;m) be a Noetherian local ring of dimension d¿ 0
with maximal ideal m and in4nite residue 4eld k = A=m. Let {I1; I2; : : : ; Is} be a set
of ideals of A. Set I = I1I2 · · · Is, N :=
⋃
n¿0 (0 : I
n), A∗ = A=N , and I∗i = IiA
∗ for
i= 1; 2; : : : ; s, U = (I1; I2; : : : ; Is). Recall that an element x∈A is an (FC)-element with
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respect to U if there exist an ideal Ii and integer n′i such that
(FC1): x∈ Ii \mIi and
I∗1
n1 · · · I∗i ni · · · I∗s ns ∩ (x∗) = I∗1 n1 · · · I∗i−1ni−1 I∗i ni−1I∗i+1ni+1 · · · I∗s nsx∗
for all ni¿ n′i and for all non-negative integers n1; : : : ; ni−1; ni+1; : : : ; ns; where
x∗ is the image of x in A∗.
(FC2): x is a 4lter-regular element with respect to I , i.e., 0 : x ⊆
⋃
n¿0 (0 : I
n).
(FC3): dim A=
⋃
n¿0 [(x) : I
n] = dim A=N − 1.
We call x a weak-(FC)-element with respect to U if x satis4es conditions (FC1) and
(FC2).
Now let x1; x2; : : : ; xt be a sequence in A. For each 06 i6 t − 1, set RA =
A=(x1; x2; : : : ; xi), RI 1 = I1 RA; : : : ; RI s = Is RA, RU = { RI 1; RI 2; : : : ; RI s}; Rxi+1 is the image of xi+1 in
RA. Then
x1; x2; : : : ; xt is called an (FC)-sequence with respect to U if Rxi+1 is an (FC)-element
with respect to RU for each i = 0; 1; : : : ; t − 1.
x1; x2; : : : ; xt is called a weak-(FC)-sequence with respect to U if Rxi+1 is a weak-(FC)-
element with respect to RU for each i = 0; 1; : : : ; t − 1.
The results of [11,12] proved that (FC)-sequences carry important information on
mixed multiplicities. Now we summarize the some of those results for equimultiple
ideals.
Let (A;m) be a Noetherian local ring and I an ideal of A. Recall that if ‘(I) is
the analytic spread of I , then htI6 ‘(I). In the case htI = ‘(I), the ideal I is called
equimultiple [4,6].
Lemma 2.2 (Viet [12]). Let (A;m) be a Noetherian local ring of dimension d¿ 0
with maximal ideal m and in6nite residue 6eld k = A=m. Let (A;m) be a Noetherian
local ring of dimension d¿ 0. Let J be m-primary and I an equimultiple ideal of
positive height ht(I) = h. Suppose that q is the length of maximal (FC)-sequences in
I with respect to U = (J; I). Then
(i) q= h− 1.
(ii) The length of maximal weak-(FC)-sequences in I with respect to U is equal to
h.
(iii) e(J [d−i]; I [i]) = 0 if and only if i¿ h.
(iv) If x1; x2; : : : ; xh−1 is a weak-(FC)-sequence in I, then x1; x2; : : : ; xh−1 is an (FC)-
sequence and e(J [d−i]; I [i]) = e(J ;A=(x1; x2; : : : ; xi)) for all i6 h− 1.
(v) If x1; x2; : : : ; xh is a weak-(FC)-sequence in I, then x1; x2; : : : ; xh is also 6lter-regular
sequence with respect to I and (x1; x2; : : : ; xh) is a reduction of I.
This lemma is one of the main tools for the proofs of this paper.
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Remark 2.3. If i¡h then e(J [d−i]; I [i]) 	= 0. By [Theorem 3.5, 11], there exist x1;
x2; : : : ; xi in I and y1; y2; : : : ; yd−i−1 in J such that
x1; x2; : : : ; xi; y1; y2; : : : ; yd−i−1
is an (FC)-sequence with respect to (J; I). Set A∗=A=(x1; : : : ; xi; y1; : : : ; yd−i−1), m∗=
mA∗, J ∗ = JA∗, I∗ = IA∗. Since dim A∗ = 1 and J ∗I∗ is non-nilpotent, by [Remark
1, 11], there exists yd−i ∈ J such that y∗d−i is a weak-(FC)-element and is also a
maximal weak-(FC)-sequence in J ∗ with respect to (J ∗; I∗); here y∗d−i is the image
of yd−i in A∗: Hence x1; x2; : : : ; xi; y1; y2; : : : ; yd−i is a maximal weak-(FC)-sequence
and (x1; x2; : : : ; xi; y1; y2; : : : ; yd−i) is m-primary. For i = 0; by [Theorem 3.3, 12],
(y1; y2; : : : ; yd) is a reduction of J. Thus, JmIn = (y1; y2; : : : ; yd)Jm−1I n for all n and
large m.
Motivated by this fact, we introduce the following result.
Proposition 2.4. Let (A;m) be a Noetherian local ring of dimension d¿ 0 with max-
imal ideal m and in6nite residue 6eld k = A=m. Let J be an m-primary ideal and let
I be an ideal of positive height htI = h. Set U = (J; I). Suppose that x1; x2; : : : ; xi are
elements in I, y1; y2; : : : ; yd−i are elements in J such that x1; x2; : : : ; xi; y1; y2; : : : ; yd−i
is a maximal weak-(FC)-sequence with respect to U. Then
I nJm = (x1; x2; : : : ; xi)I n−1Jm + (y1; y2; : : : ; yd−i)I nJm−1
for all large values of m; n.
Proof. First, the proof is by induction on i that
(x1; x2; : : : ; xi) ∩ JmIn+1 = (x1; x2; : : : ; xi)JmIn
for all large m; n and all i6 h. If i = 0, the result is trivial. For suppose the re-
sult has been proved for i − 1¿ 0. As the next step, we claim that the result is
true for i. Set I ′ :=
⋃
n¿0 [(x1; x2; : : : ; xi−1) : (JI)
n]. Let denote by x′i the image of
xi in A=(x1; x2; : : : ; xi−1). Since x′i is an element satisfying the condition (FC1) of
(FC)-sequences, it can be veri4ed that (JmIn+1 + I ′) ∩ (I ′; xi) = (xiJmIn + I ′) for all
large m; n. From this it follows that
JmIn+1 ∩ (I ′; xi) = xiJmIn + I ′ ∩ JmIn+1
for all large m; n. By the Artin–Rees lemma, then there exists an integer t such that
JmIn ∩ I ′ = Jm−t I n−t (J tI t ∩ I ′) for all m; n¿ t:
Hence, as JmInI ′ ⊆ (x1; x2; : : : ; xi−1) for large m; n, we get
JmIn ∩ I ′ = Jm−t I n−t (J tI t ∩ I ′)⊆ JmIn ∩ Jm−t I n−t I ′
⊆ JmIn ∩ (x1; x2; : : : ; xi−1)
for all large m; n. Consequently, JmIn ∩ I ′ = JmIn ∩ (x1; x2; : : : ; xi−1) for large m; n. By
our inductive assumption applied to (i − 1) that
(x1; x2; : : : ; xi−1) ∩ JmIn+1 = (x1; x2; : : : ; xi−1)JmIn
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for all large m; n. Hence
JmIn+1 ∩ I ′ = (x1; x2; : : : ; xi−1)JmIn
for all large m; n. From the above results, we have
JmIn+1 ∩ (I ′; xi) = (x1; x2; : : : ; xi−1)JmIn + xiJmIn = (x1; x2; : : : ; xi)JmIn
for all large m; n. It follows readily from this that
JmIn+1 ∩ (x1; x2; : : : ; xi) = (x1; x2; : : : ; xi)JmIn
for all large m; n. The induction is complete.
Now suppose that x1; x2; : : : ; xi are elements of I , y1; y2; : : : ; yd−i are elements of J
such that x1; x2; : : : ; xi; y1; y2; : : : ; yd−i is a maximal weak-(FC)-sequence with respect
to U .
Set A∗ = A=(x1; x2; : : : ; xi) and I∗ = IA∗, J ∗ = JA∗,
N :=
⋃
n¿0
[(x1; x2; : : : ; xi) : (JI)n];
y∗j is image of yj in A
∗ for all 16 j6d− i. Since y∗1 ; y∗2 ; : : : ; y∗d−i is a weak-(FC)-
sequence in J ∗ with respect to (J ∗; I∗); using the result just obtained we have
J ∗mI∗n ∩ (y∗1 ; y∗2 ; : : : ; y∗d−i) = (y∗1 ; y∗2 ; : : : ; y∗d−i)J ∗m−1I∗n
for all large m; n; or
JmIn ∩ [(y1; y2; : : : ; yd−i) + N ] + N = (y1; y2; : : : ; yd−i)Jm−1I n + N
for all large m; n. Since
x1; x2; : : : ; xi; y1; y2; : : : ; yd−i
is a maximal weak-(FC)-sequence with respect to U , JI ⊆ √(N; y1; y2; : : : ; yd−i).
Hence
JmIn + N = (y1; y2; : : : ; yd−i)Jm−1I n + N
for all large m; n. From this fact, we get
JmIn = [(y1; y2; : : : ; yd−i)Jm−1I n + N ] ∩ JmIn
= (y1; y2; : : : ; yd−i)Jm−1I n + N ∩ JmIn
for all large m; n. Note that JmIn ∩ N = (x1; x2; : : : ; xi)JmIn−1 for all large m; n. Thus,
JmIn = (x1; x2; : : : ; xi)I n−1Jm + (y1; y2; : : : ; yd−i)I nJm−1
for all large m; n:
Note 1. (a): By using Rees lemma [Lemma 1.2, 5] and using the same arguments
as in [Remark 1, 11], we see that if I and J are homogeneous ideals of a 4nitely
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generated standard graded algebra over an in4nite 4eld k such that IJ is non-nilpotent,
then there exists a homogeneous weak-(FC)-element in I with respect to (J; I).
(b) If htI = h¿ 0 and J is m-primary and x1; x2; : : : ; xh is a weak-(FC)-sequence in
I with respect to (J; I), then x1; x2; : : : ; xh−1 is an (FC)-sequence by [Lemma 2.1, 12].
(c) If J is m-primary, then
⋃
n¿0 [0 : I
n] =
⋃
n¿0 [0 : (JI)
n].
Theorem 2.5. Let S be a graded algebra generated by 6nitely many elements of
degree 1 over an in6nite 6eld k and I a homogeneous ideal of S with htI = h¿ 1.
Suppose that x1; x2; : : : ; xh is a homogeneous weak-(FC)-sequence in I with respect to
(m; I). Set deg xi = ai for all 16 i6 h. Then
e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h:
Proof. By the de4nition of weak-(FC)-sequences, xi 	∈ p for all
p∈ Ass
[ ⋃
n¿0
(x1; : : : ; xi−1) : I n
]
:
Set Si = S=(x1; : : : ; xi−1) and x′i is image of xi in Si. It is easily seen that
n deg xi = deg xni = deg x
′n
i = n deg x
′
i
for all 16 i6 h and n¿ 0. Note that x1; x2; : : : ; xi is a 4lter-regular sequence with
respect to I and (x1; x2; : : : ; xi) is an ideal of the principal class of height i by Lemma
2.2. Hence by [Lemma 1.6, 8],
e(S=(x1; x2; : : : ; xi)) = e(Si+1) = deg x′i e(Si) = deg xie(S=(x1; x2; : : : ; xi−1)
for all 16 i6 h− 1. Therefore, we have
e(S=(x1; x2; : : : ; xi)) = deg x′i e(S=(x1; x2; : : : ; xi−1))
= aie(S=(x1; x2; : : : ; xi−1))
= ai−1aie(S=(x1; x2; : : : ; xi−2))
= ai−2ai−1aie(S=(x1; x2; : : : ; xi−1))
...
= a1a2 · · · aie(S):
By [11] we get e(m[d−1]; I [i]) = e(S=(x1; x2; : : : ; xi)) for all 1¡i¡h. Thus,
e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h.
Corollary 2.6. Let S be a graded algebra generated by 6nitely many elements of
degree 1 over an in6nite 6eld k and I a homogeneous ideal of S with htI = h¿ 1.
Suppose that x1; x2; : : : ; xh and y1; y2; : : : ; yh are homogeneous weak-(FC)-sequences in
I with respect to (m; I). Then deg xi = deg yi for all 0¡i¡h.
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Proof. Set deg xi = ai and deg yi = bi for all 16 i6 h: By Theorem 2.5,
a1a2 · · · aie(S) = e(m[d−i]; I [i]) = b1b2 · · · bie(S)
for all 0¡i¡h. From this it follows that ai = bi for all 0¡i¡h.
The following proposition deals with the relationship between the degree of an ideal
of the principal class and the degree of the 4rst element of a weak-(FC)-sequence.
Proposition 2.7. Let (S;m) be a graded algebra generated by 6nitely many elements
of degree 1 over an in6nite 6eld k. Let I be a homogeneous ideal of the principal class
with htI = h¿ 1. Suppose that dim S = d and x1; x2; : : : ; xh is a weak-(FC)-sequence
in I with respect to (m; I). Then we have
deg x1 = o(I) and e(m[d−1]; I [1]) = o(I)e(S):
Proof. Since I=(x1; x2; : : : ; xh) is a homogeneous ideal of the principal class, it follows
that
o(x1mmIn) = deg x1 + m+ n:o(I)
for all positive integers m; n. As in the proof of Proposition 2.4,
(x1) ∩ mmIn = x1mmIn−1 for all large m; n:
Since x1mm−deg x1 ⊆ mm, we have
x1mm−deg x1I n ⊆ (x1) ∩mmIn = x1mmIn−1
for all large m; n. Hence
m+ n:o(I) = o(x1mm−degx1I n)¿ o(x1mmIn−1) = deg x1 + m+ (n− 1)o(I)
for all large m; n. From this it follows that o(I)¿ deg x1. Note that o(I)6 deg x1. Thus,
o(I) = deg x1. By Theorem 2.5 we get
e(m[d−1]; I [1]) = deg x1e(S) = o(I)e(S):
Proposition 2.7 has been proved.
Lemma 2.8. If I = (x1; x2; : : : ; xh) is a homogeneous ideal of the principal class of S
with htI =h¿ 0 and x1; x2; : : : ; xh is a weak-(FC)-sequence in I with respect to (m; I).
Then deg x16 deg x26 · · ·6 deg xh.
Proof. The proof is by induction on h¿ 0. For h=1, in this case the result is trivial.
For h¿ 2, by the Proposition 2.8, deg x1 =o(I)6 deg xi for 26 i6 h. Set S ′= S=(x1)
and x′j the image of xj in S
′ for all j=2; : : : ; h; m′=mS ′, I ′=IS ′. Since x′2; : : : ; x
′
h is also
a weak-(FC)-sequence in I ′=(x′2; : : : ; x
′
h) with respect to (m
′; I ′) and htI ′=h−1. Note
that deg xi = deg x′i (see the proof of Theorem 2.5). Hence by inductive assumption
applied to (h− 1) that
deg x2 = deg x′26 · · ·6 deg x′h = deg xh:
Thus, deg x16 deg x26 · · ·6 deg xh. The induction is complete.
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This proposition will play a crucial role in the following development.
Proposition 2.9. Let S be a graded algebra generated by 6nitely many elements of
degree 1 over an in6nite 6eld k with the maximal graded ideal m. Let I be a homo-
geneous equimultiple ideal of S with htI=h¿ 1. Suppose that J=(x1; x2; : : : ; xh) is an
arbitrary homogeneous minimal reduction of I with the degree sequence of J as
deg x1 = a16 deg x2 = a26 · · ·6 deg xh = ah. Then for any homogeneous weak-(FC)-
sequence y1; y2; : : : ; yh in I with respect to (m; I) we have
(i) deg yi = ai for all 16 i6 h− 1.
(ii) e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h.
Proof. Let z1; z2; : : : ; zh be a weak-(FC)-sequence of homogeneous elements in J with
respect to (m; J ). By Lemma 2.2(v), J1 = (z1; z2; : : : ; zh) is a reduction of J . Hence J1
is also a reduction of I . Since J is a minimal reduction of I , J1 = J . J =(z1; z2; : : : ; zh)
is a homogeneous ideal of the principal class with htJ = h¿ 0 and z1; z2; : : : ; zh is a
weak-(FC)-sequence in J with respect to (m; J ). By Lemma 2.8, deg z16 deg z26 · · ·
6 deg zh. Thus, deg zi = ai = deg xi for all i = 1; 2; : : : ; h. So by Theorem 2.5,
e(m[d−i]; J [i]) = a1a2 · · · aie(S):
Set deg yi=bi for all 16 i6 h−1. Since y1; y2; : : : ; yh is a homogeneous weak-(FC)-
sequence in I with respect to (m; I). Hence by Theorem 2.5, we get
e(m[d−i]; I [i]) = b1b2 · · · bie(S)
for all 16 i6 h− 1: Note that J is a reduction of I , by [9] we have
e(m[d−i]; I [i]) = e(m[d−i]; J [i])
for all i. The above facts follow that a1a2 · · · aie(S)=b1b2 · · · bie(S) for 16 i6 h−1.
Thus, ai = bi for all i = 1; 2; : : : ; h− 1. Proposition 2.9 has been proved.
Corollary 2.10. Let S be a graded algebra generated by 6nitely many elements of
degree 1 over an in6nite 6eld k with the maximal graded ideal m and I a homogeneous
equimultiple ideal of height ht(I) = h¿ 1. Then we have
(i) For any homogeneous weak-(FC)-sequence x1; x2; : : : ; xh in I with respect to (m; I)
we have deg x16 deg x26 · · ·6 deg xh−1 and this sequence does not depend upon
the choice of weak-(FC)-sequences.
(ii) Let a16 a26 · · ·6 ah be the degree sequence of an arbitrary homogeneous min-
imal reduction of I. Then the sequence a1; a2; : : : ; ah−1 does not depend upon the
choice of minimal reductions.
Proof. By Proposition 2.9(i), we have deg x16 deg x26 · · ·6 deg xh−1. Hence by
Corollary 2.6, we get (i). As an immediate consequence of Proposition(i) and (i)
we get (ii).
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The following theorem establishes the mixed multiplicity formula by the degree
sequence of a minimal reduction.
Theorem 2.11. Let S be a graded algebra generated by 6nitely many elements of
degree 1 over an in6nite 6eld k with the maximal graded ideal m. Let I be an homo-
geneous equimultiple ideal of positive height ht(I) = h. Suppose that a1; a2; : : : ; ah is
the degree sequence of a homogeneous minimal reduction of I. Then
(i) Homogeneous minimal reductions of I have the same sequence a1; a2; : : : ah−1.
(ii) [12] e(m[d−i]; I [i]) = 0 for i¿ h.
(iii) e(m[d−i]; I [i]) = a1a2 · · · aie(S) for all 0¡i¡h.
Proof. By Corollary 2.10(ii), we get (i). By Proposition 2.9, we have (iii).
In the case that S is an integral domain, we have the following interesting result.
Corollary 2.12. Let S be a graded integral domain generated by 6nitely many ele-
ments of degree 1 over an in6nite 6eld k and I a homogeneous equimultiple ideal of
height ht(I) = h¿ 1. Then we have e(m[d−1]; I [1]) = o(I)e(S).
Proof. Let J = (x1; x2; : : : ; xh) be a homogeneous minimal reduction of I . Note that S
is an integral domain, o(I nJm)=n:o(I)+m:o(J ) and deg yn=n deg y for all y∈ I . For
x∈ I such that deg x = o(I),
n:deg x = deg xn = o(I n) = o(JIn−1)
= o(J ) + (n− 1)o(I) = o(J ) + (n− 1) deg x
for all large n, so deg x = o(J ). By Theorem 2.11(iii),
e(m[d−1]; I [1]) = o(J )e(S) = deg x:e(S) = o(I)e(S):
3. The multiplicity of Rees rings
The problem to be considered in this section is that of designing multiplicity formulas
of Rees rings of equimultiple ideals.
Theorem 3.1. Let I be a homogeneous equimultiple ideal of S with positive height
ht(I)=h. Suppose that a1; a2; : : : ; ah is the degree sequence of a homogeneous minimal
reduction J of I. Then the following statements hold:
(i) e(R(I)) = e(S) if h= 1.
(ii) e(R(I)) = [1 + o(J )]e(S) if h= 2.
(iii) e(R(I)) = [1 +
∑h−1
i=1 a1a2 · · · ai]e(S) if h¿ 2:
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Proof. Since I equimultiple, by Verma [10] and Theorem 3.2 [12] we get
e(R(I)) =
h−1∑
i=0
e(m[d−i]; I [i]) =
h−1∑
i=0
e(S=(x1; : : : ; xi)):
If h=1; we get (i). If h=2, e(R(I))=e(S)+e(m[d−1]; I [1]). By Proposition 2.9 we have
e(m[d−1]; I [1]) = a1e(S)= o(J )e(S). From this it follows that e(R(I))= [1+ o(J )]e(S).
If h¿ 2; by Theorem 2.11(iii), e(m[d−i]; I [i])=a1a2 · · · aie(S) for 0¡i¡h, so we get
(iii).
In addition, if S is an integral domain and I a homogeneous equimultiple ideal
of height ht(I) = h¿ 1, by Corollary 2.12 we have e(m[d−1]; I [1]) = o(I)e(S). As an
immediate consequence of Theorem 3.1(ii) we get the following result.
Corollary 3.2. Let S be a graded integral domain generated by 6nitely many elements
of degree 1 over an in6nite 6eld k and I a homogeneous equimultiple ideal of S with
height ht(I) = 2. Then we have e(R(I)) = [1 + o(I)]e(S).
Now, we prove that the formula of Huneke and Sally holds in the case that I is an
equimultiple ideal of height 2 of an arbitrary regular ring.
Corollary 3.3. Let (A;m) be a regular ring of dim A¿ 2 and I an equimultiple ideal
of A with ht(I) = 2. Then we have e(R(I)) = 1 + o(I).
Proof. Since I equimultiple and htI=2, e(R(I))=e(A)+e(m[d−1]; I [1]): By [9, Corollary
4.3], e(m[d−1]; I [1]) = o(I). Thus, e(R(I)) = 1 + o(I).
Corollary 3.4. Let (A;m) be a local ring of dim A=2 with the associated graded ring
G = G(m) is an integral domain. Let I be a m-primary ideal of A. Then we have
e(R(I)) = [1 + o(I)]e(A).
Proof. Suppose that x; y is a weak-(FC)-sequence in I with respect to (m; I). Set
J = (x; y). Denote by x∗; y∗; I∗; J ∗ the initial forms of x; y; I; J in G, respectively.
Since G is an integral domain, e(m[1]; I [1]) = e(A=(x)) = e(G=(x∗)) = deg x∗e(G).
Note 2: For x∈A, let o(x) denote the order of x, that is, the largest integer n such
that x∈mn, o(I)=min{o(x) | x∈ I}. Note that if G=G(m) is an integral domain, then
A is also an integral domain. Hence
o(xy) = deg(x∗y∗) = deg x∗ + deg y∗ = o(x) + o(y)
for all x; y∈A and o(II ′)=o(I)+o(I ′). If (A;m) is a local ring of dim A=d¿ 0 with
the associated graded ring G=G(m) is an integral domain. Let I be a m-primary ideal
of A. Suppose that x1; x2; : : : ; xd is a weak-(FC)-sequence in I with respect to (m; I) and
J = (x1; x2; : : : ; xd). Now, using the same arguments as in the proof of Proposition 2.7,
we have o(x1)=o(J ). Note that J is a reduction of I . Next, using the same arguments
as in the proof of Corollary 2.12, we get o(J ) = o(I). So o(x1) = o(I).
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By Note 2, o(I) = o(x) = deg x∗. Since e(G) = e(A), e(m[1]; I [1]) = o(I)e(A). Thus,
e(m[1]; I [1]) = o(I)e(A) and e(R(I)) = e(A) + e(m[1]; I [1]) = [o(I) + 1]e(A).
Combining Proposition 2.9 with Theorem 3.1, we get the following theorem.
Theorem 3.5. Let I be a homogeneous equimultiple ideal of ht(I) = h¿ 0. Suppose
that x1; x2; : : : ; xh is a homogeneous weak-(FC)-sequence in I with respect to (m; I).
Set deg xi = ai for all 16 i6 h. Then e(R(I)) = [1 +
∑h−1
i=1 a1a2 · · · ai]e(S).
Responding the results of Herzog–Trung–Ulrich [2] and Trung [8], we have the
following result in the case ideals of the principal class which is an immediate conse-
quence of Theorem 3.4.
Theorem 3.6. Let I = (x1; x2; : : : ; xh) be a homogeneous ideal of the principal class
of S with ht(I) = h¿ 0. Suppose that x1; x2; : : : ; xh is also a weak-(FC)-sequence
in I with respect to (m; I). Set deg xi = ai for all 16 i6 h. Then e(R(I)) = [1 +∑h−1
i=1 a1a2 · · · ai]e(S).
Let (A;m) be Noetherian local ring with maximal ideal m; in4nite residue 4eld
k =A=m, and Krull dimension dim A=d¿ 0. Let I be an ideal of positive height. Let
Q(m; n) be the Bhattacharya polynomial of the Bhattacharya function
B(m; n) = lA
(
mnI n
mn+1I n
)
:
Then the terms of total degree d− 1 in Q(m; n) have the form
d−1∑
i=0
eA(m[d−i]; I [i])
md−ini
(d− i)!i! :
We write the terms of total degree d−1 in the Bhattacharya polynomial of the Bhatta-
charya function
lA
(
mnI sn
mn+1I sn
)
as
d−1∑
i=0
eA(m[d−i]; I s
[i])
md−i(sn)i
(d− i)!i! :
Since this form is also the terms of total degree d− 1 in Q(m; sn). Hence
d−1∑
i=0
eA(m[d−i]; I s
[i])
md−ini
(d− i)!i! =
d−1∑
i=0
sieA(m[d−i]; I [i])
md−ini
(d− i)!i! :
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Thus,
eA(m[d−i]; I s
[i]) = sieA(m[d−i]; I [i]) (∗ ∗ ∗)
for all 06 i6d− 1 and s¿ 0.
From this fact, we get an interesting extension of Theorem 3.1.
Theorem 3.7. Let I be a homogeneous equimultiple ideal of S with positive height
ht(I)=h. Suppose that a1; a2; : : : ; ah is the degree sequence of a homogeneous minimal
reduction of I. Then
e(R(I s)) =
[
1 +
h−1∑
i=1
a1a2 · · · aisi
]
e(S)
for all positive integers s.
Proof. By Theorem 3.1 and (∗ ∗ ∗), we get the proof of this theorem.
Corollary 3.8. Let S be a graded ring generated by 6nitely many elements of degree
1 over an in6nite 6eld k and I a homogeneous equimultiple ideal of S with height
ht(I)¿ 2. Suppose that the elements of a minimal basis of I have the same degree
c¿ 0. Then
e(R(I s)) = [1 + cs+ (cs)2 + · · ·+ (cs)h−1]e(A)
for all positive integers s and
e(R(I)) = h:e(A) for c = 1:
Proof. Suppose that a1; a2; : : : ; ah is the degree sequence of a homogeneous minimal
reduction of I , then ai = c for 16 i6 h. By Theorem 3.7,
e(R(I s)) =
[
1 +
h−1∑
i=1
a1a2 · · · aisi
]
e(S) =
[
1 +
h−1∑
i=1
cisi
]
e(S)
and for s= c = 1, e(R(I)) = h:e(A).
In the case I =m, we get the result of Verma (see [Corollary 3.2, 10]).
Acknowledgements
The author wishes to thank the editor for his help and encouragement. Special
thanks are due to the referee whose remarks substantially improved the proof of Propo-
sition 2.7.
References
[1] P.B. Bhattacharya, The Hilbert function of two ideals, Proc. Cambridge Phil. Soc. 53 (1957) 568–575.
[2] J. Herzog, N.V. Trung, B. Ulrich, On the multiplicity of blow-up rings of ideals generated by
d-sequences, J. Pure Appl. Algebra 80 (1992) 273–297.
D.Q. Vieˆt / Journal of Pure and Applied Algebra 183 (2003) 313–327 327
[3] C. Huneke, J. Sally, Birational extensions in dimension two and integrally closed ideals, J. Algebra 115
(1988) 481–500.
[4] D.G. Northcott, D. Rees, Reduction of ideals in local rings, Proc. Cambridge Phil. Soc. 50 (1954)
145–158.
[5] D. Rees, Generalizations of reductions and mixed multiplicities, J. London Math. Soc. 29 (1984) 397–414.
[6] J.D. Sally, Number of generators of ideals in local rings, in: Lecture Notes in Pure and Applied
Mathematics, Vol. 35, Dekker, New York, 1978.
[7] B. Teissier, Cycles Tevanescents, sections planes, et conditions de Whitney, Singularities Ta CargUese, 1972.
AstUerisque 7–8 (1973) 285–362.
[8] N.V. Trung, Filter-regular sequences and multiplicity of blow-up rings of ideals of the principal class,
J. Math. Kyoto. Univ. 33 (1993) 665–683.
[9] N.V. Trung, Positivity of mixed multiplicities, J. Math. Ann. 319 (2001) 33–63.
[10] J.K. Verma, Rees algebras and mixed multiplicities, Proc. Amer. Math. Soc. 104 (1988) 1036–1044.
[11] D.Q. Viet, Mixed multiplicities of arbitrary ideals in local rings, Comm. Algebra 28 (8) (2000)
3803–3821.
[12] D.Q. Viet, On some properties of (FC)-sequences of ideals in local rings, Proc. Amer. Math. Soc,
S0002-9939-02-06526-7VTDNQA.
